SYMPLECTIC CONFIGURATIONS 
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Abstract. We define a class of symplectic fibrations called symplectic configu- 
rations. They are a natural generalization of Hamiltonian fibrations in the sense 
that they admit a closed symplectic connection two-form. Their geometric and 
topological properties are investigated. We are mainly concentrated on integral 
symplectic manifolds. 

We construct the classifying space B of symplectic integral configurations. The 
properties of the classifying map B — » BSymp(M, co) are examined. The universal 
symplectic bundle over B has a natural connection whose holonomy group is the 
enlarged Hamiltonian group recently defined by McDuff. The space B is identified 
with the classifying space of a certain extension of the symplectomorphism group. 
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1. Motivation 

The paper introduces a new object, called a symplectic configuration, which is a 
symplectic fibration equipped with a map of the total space into some symplectic 
manifold so that the restrictions of the map to the fibers are symplectic embeddings. 
Symplectic configurations provide a generalization of Hamiltonian fibrations in the 
sense that they admit a closed symplectic connection two-form | MS98 Theorem 
6.21]. 

We are partially motivated by the result of Narasimhan and Ramanan |NR61 1. 
They showed that the natural connection A on the universal principal bundle 

U(n) — > E — » Gr(n, oo) 

has the following universal property. For any principal LT(n)-bundle P — > B 
equipped with a connection Ap, there exists a map /:£>—> Gr(n, oo) such that 
(P, Ap) = f*(E, A). Notice that the total space E is the space of linear embeddings 



Date: February 1, 2008. 

2000 Mathematics Subject Classification. Primary 53D, 55R; Secondary 53C. 
Key words and phrases, symplectic fibration; h-principle; classifying space; 

The first author is partially supported by the State Committee for Scientific Research (grant no. 2 
P03A 017 25) and by the Foundation for Polish Science. 

The second author is partially supported by the State Committee for Scientific Research (grant no. 
1 P03A 023 27). 



1 



2 



SWIAT GAL AND JAREK KEDRA 



from C" into C°° and Gr(«, co) is the Grassmannian of n-dimensional subspaces 
inC°°. 

This paper is devoted to proving a similar result about the group of symplecto- 
morphisms Symp(M, co) in place of U(n). Mostly, we deal with the case when co has 
integral periods. Assume for the moment that H 2 (M, Z) is torsion free (the torsion 
issues are discussed in detail in Section|3. 

The space Symp(M, CP 00 ) of symplectic embeddings of M into CP 00 is not con- 
tractible (it has non-trivial 112, see Corollary l3.7> . Thus it is not the total space of the 
universal Symp(M, a>)-bundle. However, we find a deep connection with the result 
of Narasimhan and Ramanan mentioned above. That is, we construct a natural 
connection on the principal bundle 

Symp(M,w) -> Symp(M,CP <x ') -> Symp(M,CP 00 )/Symp(M,w) =: B M . 

The connections on Symp(M, oj)-bundles are in one-to-one correspondence with 
vertically closed extensions of co to the total space of the associated bundle with 
fiber M |MS98 Lemma 6.18]. Among them, the connections represented by closed 
two-forms are of special interest since they generalize the notion of a coupling 
form introduced by Guillemin, Lerman and Sternberg |GLS96|. A coupling form 
is a certain closed connection two-form satisfying a normalization condition. Fur- 
thermore, the fiber integrals of powers of the cohomology class of the coupling 
form give a sequence of symplectic characteristic classes [JK KM05I. 

The connection two-form Q that we construct in the configuration (M, co) — > 
Mb — > Bm is universal in the following sense. For any symplectic bundle M — > E — > 
B endowed with a closed connection two-form Qg there exists a map / : B — > Bm 
such that (£, Q E ) = /*(M B , Q). 

We show that Bm is a classifying space of an extension of Symp(M, co) by the 
gauge group Map(M, U(l)). We determine the holonomy subgroup of this con- 
nection and prove that it is equal to the subgroup Ham sZ (M, co) of Symp(M, co) 
recently discovered by McDuff |McD06|. Her paper deals with , among other 
things, a characterization of symplectic bundles with closed connection form. It 
was important to the development of the present paper that Dusa McDuff shared 
with us her ideas on a generalization of Hamiltonian fibrations. 

Organization of the paper. In Section|2]we give the necessary definitions and state 
the main results. We give the direct parts of the proofs and postpone the more 
technical ones to later sections. 

In Section[3]we prove the universality of the configuration (M, co) — > Mb — > B 
and prove the homotopy properties of the space B. We also prove that B is the 
classifying space of an extension S of Symp(M, co). 

Section |31 is devoted to the geometry of symplectic configurations. More pre- 
cisely, we define a principal connection on a fibration Symp(M, W) — > Bw and 
investigate its properties. 

In Section[5]we investigate the group cohomology relations between groups D 
and S- We also compare these groups with the McDuff subgroup Ham sZ (M,w). 
The section starts with some preparation on crossed homomorphisms and the 
necessary algebraic topology. 

In Section|6|we investigate characteristic classes of integral symplectic configu- 
rations and relate them to other known characteristic classes. 

Acknowledgement. The idea of configurations grew out of discussions with Tadeusz 
Januszkie wicz . 

We warmly thank Dusa McDuff for showing us an early version of her paper 
IMcD0 6 1 . discussions, comments and picking up mistakes and inaccuracies in 
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motopy discussions and hospitality. 

2. Preliminaries and statements of results 

2.1. Symplectic configurations. Let (M,co) be a closed symplectic manifold. A 
symplectic manifold is called integral if the symplectic form has integral periods. 

Definition 2.2. Let (M,co) and (W, cow) be symplectic manifolds. We say that 
a symplectic fiber bundle (a fiber bundle with a structure group Symp(M,oj)) 
M — > E — > B is a W 'symplectic configuration if there exists a map E — » W whose 
restriction to any fiber of £ is a symplectic embedding. The fibration E is called 
an (integral) symplectic configuration if it is a W-configuration for some (integral) 
(W,co w ). 

Here is an alternative approach. Consider the space Symp(M, W) of symplectic 
embeddings /: (M, co) — > (W,cow)- The group of all symplectomorphisms of the 
source acts freely on that space and the quotient is denoted by Byy. We call it the 
space of symplectic configurations of(M, co) in (W, cow)- We get a principal fibration 

Symp(Aiaj) -> Symp(M, W) -> B w 

and the associated symplectic one 

(M,co) -» M w -» B w . 

Proposition 2.3. A symplectic fibration (M, co) — > E — > B is a W-symplectic configura- 
tion if and only if it is a pull-back of the bundle Mw- 

Proof. Let £ — » W be a map such that it is a symplectic embedding on every fiber. 
Clearly it defines a map B — > Bw such that E is a pull-back of Mw- 

To prove the converse choose a point p e M and consider the following compo- 
sition of two maps: 

Symp(MW) — M w — W, 

where 

l/,p] and ev[f,q]=f{q). 

The map is well defined. Indeed Mw is the quotient of Symp(M, W) x M by 
the relation [/ o ty,q] ~ [f,ip(q)] and e»([/ o ip,q]) = f(ip(q)) = ev([f,ip(q)]). The 
evaluation map is the required map for the fibration Mw- Since £ is a pull-back of 
Mw, the proof is finished. □ 

2.4. Closed connection two-forms. Without loss of generality we will assume 
that the base of a fibration is a manifold, so we may speak of the differential forms 
on E. 

Recall that if (M, co) — > E — > B is a symplectic fibration then a closed two- 
form O e Q 2 (E) is called a ciosed symplectic connection two-form if it restricts to the 
symplectic form on any fiber (see Lemma 6.18 in |MS98| for a general definition). 
According to Thurston (Theorem 6.3 in | MS98 1 ), the existence of a closed connection 
two-form is a purely cohomological condition, i.e. the form Q exists if and only if 
the class [co] belongs to the image of the map H 2 (E; R) -> H 2 (M; R). 

Lemma 2.5. A symplectic bundle (M,co) — > E — » B is a symplectic configuration if and 
only if it admits a closed connection two-form. 
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Proof. If /: E — > W defines a configuration, then f*(eow) is a closed connection 
two-form on E. 

To prove the converse construct a map /: (E, Q) — > (W,cow) '■= y^,(CF ni ,aiCo ni ) 
such that /*[a)w] = [^] for appropriate «; £ P, where o;„ is the standard symplectic 
form on CP". For each 77; 6 H 2 (E,Z) there exists a map £ — » CP 00 such that 
#[ty<»] = 7], (here [w™] is the generator of H 2 (CP°°;Z)). Hence [Q] = = 
(X x • ■ ■ x «„[«„]) for the product map X fi ■ E -> X, CP 00 . The latter 

factors through a product of finite dimensional projective spaces, as required. For 
sufficiently large £ w; we can perturb / into an embedding preserving the two- 
form, according to the h-principle (see Section 3.4.2 in |Gro86|). □ 

2.6. The universal integral configuration. Due to Gromov, every integral sym- 
plectic manifold embeds into complex projective space (CP N , con) equipped with 
the standard symplectic form for N big enough (Exercise 3.4.2.(1) in |Gro86|). 
Spaces of symplectic embeddings satisfy the obvious functoriality properties and 
we define Symp(M, CP 00 ) := Uam«, Symp(M, CP N ). Its quotient by Symp(M, co) is 
denoted by B m and called the universal symplectic configuration space. As before we 
have the universal principal fibration 

Symp(M,a>) -> Symp(M,CP°°) -> B K 

and the associated one 

(M,co) -> M B „ -» Boo. 
Let (M, co) — > E — » B be a symplectic fibration whose classifying map B — > 
BSymp(M, a>) has a lift J : B -> Boo- This lift defines a map E -> M B „ % CP 00 
which factors through CP N , since E is finite dimensional. Thus £ is an integral 
configuration (see Definition 12.20 . and the pull-back of the standard symplectic 
form con on CP N is a closed integral connection form on E. 

2.7. Torsion. The space Symp(M, CP 00 ) has the same number of connected com- 
ponents as the set of maps from M to CP°° with the property that the gener- 
ator of H 2 (CP°°,P) pulls back to [co]. The homotopy classes of maps from M 
to CP 00 are in one-to-one correspondence with H 2 (M, Z). The kernel of the 
map H 2 (M,Z) -> H 2 (M,P) consists of the torsion of H 2 (M,Z). Thus if this 
torsion in nontrivial then the space Symp(M,CP°°) is disconnected. Since M is 
closed, Symp(M, CP 00 ) has a finite number of connected components. Moreover, 
if Symp(M, co) acts non-transitively on the preimage of co in H 2 (M, Z) then B is 
disconnected. 

Let us observe that any (finite) Abelian group T can be the torsion of H 2 (M; Z). 
First notice that the torsion of H 2 (M;Z) is isomorphic to the torsion of Hi(M;Z) 
(see Corollary 5.5.4 in |Spa66|). Take a finitely presented group G such that its 
abelianization has torsion equal to T (e.g. G = T). Due to Gompf |Gom95|, there 
exists a closed symplectic 4-manifold (M, co) with fundamental group G. Hence the 
torsion of H 2 (M; Z) is isomorphic to T. 

Let (M, co) be an integral symplectic manifold and let co denote a pair (co, t) of 
the symplectic form and a lift of its class to H 2 (M, Z). Define 

Symp(M,S) := {ip e Symp(M,«): i/>*(t) = t} 

to be a finite index open-closed subgroup of Symp(M, co) consisting of the sym- 
plectomorphisms which preserve the class t. Notice that if H 2 (M, Z) is torsion-free 
then Symp(M, co) = Symp(M, co). 

Lemma 2.8. If (M, co) — » E — > B is an integral symplectic configuration, then there exists 
a lift t 6 H 2 (M,Z) of[a>] such that the structure group ofE reduces to Symp(M, co). 
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Proof. If / : E — > CP 00 defines a configuration structure on E then the pull-back of 
the generator of H 2 (CP°°, Z) has the above property. □ 

Let Symp T (M,CP°°) denote the connected component of Symp(M,CP°°) con- 
taining symplectic embeddings corresponding to t e H 2 (M, Z). The quotient 
B = B x = Symp T (M, CP 00 )/ Symp(M, co) is the component of B^ corresponding to 
t. In the sequel, we restrict ourselves to the investigation of B. We will also call it 
a universal configuration space. Again we have the universal fibration: 

Symp(M,S) -> Symp^AiCP 00 ) -> B 

and the associated one 

(M,co) — > Mb —> B. 

A symplectic fibration whose classifying map lifts to B T will be called an integral 
symplectic configuration compatible with x. Notice that a symplectic integral 
configuration might be compatible with several lifts. 

Since Symp(M, co) is open-closed in Symp(M, co), their connected components 
of the identity are equal. Therefore the map of classifying spaces induced by 
the inclusion is a covering. In particular, the higher homotopy groups of these 
classifying spaces are equal, as well as rational (co-) homologies. 

2.9. Homotopy properties of the universal configuration space. Integral sym- 
plectic configurations constitute a big class of symplectic fibrations. To see this 
consider the classifying map 

iF: B — > BSymp(M,«) 

and the maps 3> : 7Tjt(B) — > 7!jt(BSymp(M, co)) induced on homotopy groups. The 
following theorem is proved in Section l3~5l 

Theorem 2.10. Let (M, co) be a compact integral symplectic manifold. Then 

(1) 7i t (B) i n k (BSymp(M,co))fork + 1,2. 

(2) The following sequences are exact. 

-> H°(M; Z) -> tt 2 (B) 5 TT 2 (BSymp(M, co)) -» r„ -> 

0^r a , ^H 1 (M;Z)^7ii(B) 5> 7ii(BSymp(M,5)) -» 0, 

where T a , is the flux group (see |MS98 p. 321]). 

2.11. An extension of Symp(M, S3). We identify the universal symplectic configu- 
ration space B as the classifying space £>S T of a certain extension S T of Symp(M, co). 
More precisely this extension is of the form 

-> Map(M, 1/(1)) -» S T -> Symp(M,5) ^ 1, 

where Map(M, U(l)) is the (Abelian) gauge group of continuous maps from M to 
Lf(l) (see Section lS.lll for the precise definition). We shall usually omit the subscript 
t if it does not lead to confusion. The proof of the next theorem is in Section l3.HI 

Theorem 2.12. The classifying space of St is homotopy equivalent to the universal sym- 
plectic configuration space: 

BSx = B T . 

Moreover, the classifying map 3F: B x = B9 T — > BSymp(M, co) is induced by the projection 
St - * Symp(M, co). 
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2.13. The holonomy group. If Q is the symplectic form on CP 00 and ev: Me — > 
CP°° is the evaluation map, then ev*Q is the closed connection form on the universal 
symplectic configuration (M,a>) — > Mb — > B. It defines a symplectic connection 
whose holonomy group is denoted by D = D r c Symp(M,S). 

Note that 2) depends on the lift x and is defined only up to conjugacy. In general 
we will omit the subscript x except in necessary cases. 

Theorem 2.14. (1) T> intersects every connected component of Symp(M, co); 

(2) The identity component Dq ofT) is equal to Ham(M, co); 

(3) D n Symp (M,a>) = Flux _1 (H 1 (M;Z)/r <u ) / that is, the intersection consists of 
symplectomorphisms with an integral flux. In particular, T> is a closed subgroup 
o/Symp(M, co). 

Proof. (1) Since 7ii(B) — » n\{B Symp(M, co)) is a surjection (Theorem 12. 101 . D inter- 
sects every connected component of Symp(M, co). 

(2) Let (M,co) — > Mw — » B w be a symplectic configuration fibration. Since 
Ow is a closed connection two-form, the holonomy about any contractible loop is 
Hamiltonian due to Theorem 6.21 in |MS98|. This proves that CDo C Ham(M,w). 
The converse inclusion follows from Corollary l4.6l 

(3) This part will be proved in Proposition ^. lOf 2). □ 

Finally we find a connection between the holonomy subgroup D and the exten- 
sion S- 

Theorem 2.15. Let Map (M, !i(l)) denote the identity component of Map(M, !i(l)). 
There exists a commutative triangle of continuous homomorphisms 



in which the diagonal arrow is a homotopy equivalence. In particular, the structure group 
ofE lifts to 3/ Map (M, !i(l)) if and only if the structure group ofE reduces to D. 



The next two theorems summarize all the main results of the paper. 

Theorem 2.16. Let (M, co) be a closed integral symplectic manifold and let x be an integral 
lift of[co]. Let (M,co) — > £ — » B be a symplectic fibration. The following conditions are 
equivalent: 

(1) E admits a closed integral connection two-form Q compatible with x, i.e. there 
exists 7 e H 2 (E, Z) such that it lifts Q and extends %; 

(2) E is an integral symplectic configuration compatible with x; 

(3) the structure group ofE lifts to S T - 

Proof. (1) => (2) is proved in Section l3~15l 
(2) => (1) follows from Lemma 1231 

(1) => (3) is proved in Section l3.16l 

(2) <=> (3) follows form Theorem l2T2l □ 

Clearly, if E is an integral symplectic configuration with respect to the lift x 
then its structure group reduces to the holonomy group D T . In other words, if the 
structure group lifts to St then it lifts to St / Map (M, !i(l)). The following example 
due to McDuff shows that the converse is not true. 



S/Ma Po (M,!I(l)) 




Proof. This follows straightforward from Theorem l5.17l and Corollary l5.14l 



□ 
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Example 2.17. Let S 2 — > BSO(2) A BSO(3) be the universal fibration associated 
with the action of SO(3) on S 2 . Let t be the generator of H 2 (S 2 , Z). We claim that t 
does not admit an integral extension although the fibration is Hamiltonian (i.e. its 
structure group SO(3) is a subgroup of Ham(S 2 ,area)). Indeed, H 3 (BSO(2);Z) = 
and therefore H 3 (BSO(3),Z) = Z/2 is in the kernel of n* . Hence the generator of 
the latter group equals ^(t), where &2 : H 2 (S 2 ) —> H 3 (BSO(3)) is the differential in 
the spectral sequence. Thus t is not in the image of n* : H 2 (BSO(2)) — > H 2 (S 2 ,Z) 
i.e. t does not admit an integral extension. 

The proof of the following theorem will be given in Section l518l 

Theorem 2.18. Suppose that the structure group of a symplectic fibration M — > £ — > B 
reduces to D T c Symp(M, aJ). IfH2(B, Z) z's torsion-free then E is an integral configura- 
tion. 

Remark 2.19. We do not prove that E is a configuration compatible with t. We 
show that ^(t) = and ^(t) e E^'° is torsion in the spectral sequence associated 
with M — > E — > B. Thus, a priori, z might not extend. Notice that, although 
E 3 / = H 3 (B,Z) is (by the assumption) torsion free, E 3 f = Ef > /d 2 (E^ 1 ) might have 
nontrivial torsion. However, we do not know any example in which E is a config- 
uration not compatible with t. 

3. The topology of symplectic configurations 

3.1. Gromov's h-principle. Let Map(M,CP 00 ) (respectively Map 00 (M, CP 00 ) ) de- 
notes the space of all continuous (respectively smooth) maps from M to CP 00 
equipped with compact-open (respectively C°°) topology. The space of smooth 
maps is defined as U„ C°°(M, CP"). It is well known that the inclusion Map 00 (M, CP°°) -> 
Map(M, CP°°) induces a (weak) homotopy equivalence. Due to a big codimension 
the first space is homotopy equivalent to the space of embeddings of M into CP°°. 

Theorem 3.2. Let t e H 2 (M,Z) be a lift of [co] e H 2 (M,P). Let Symp T (M, CP 00 ) 
and Map T (M,CP°°) denote the connected components corresponding to the class t. The 
inclusion i: Symp T (M,CP°°) — > Map T (M,CP°°) induces an isomorphisms on homotopy 
groups. 

Remark 3.3. The above theorem easily follows from the parametric version of h- 
principlefor symplectic embeddings. Unfortunately, it seems that there is no proof of 
it in the literature yet. That is why we prove the above theorem appealing only to 
the well known Gromov's h-principle for symplectic immersions and its parametric 
version (Theorem (A) and Exercise (2) in Section 3.4.2 of |Gro86[). 

Proof of Theorem 13721 Injectivity: Suppose that / e ker i, that is there exist a com- 
mutative diagram 

S k xM CP m 
D k+1 x M 

where / is a symplectic embedding on each fiber jsj X M and F is a smooth embed- 
ding on fibers and equals / over the boundary. The argument consists of several 
steps. 

We first deform F to a fiberwise symplectic immersion F' so that it equals / 
over the boundary. This can be done according to the parametric h-principle for 
symplectic immersions (Theorem 16.4.3 in |EM02|). We want to improve it so that 
it will be fiberwise symplectic embedding. 



8 



SWIAT GAL AND JAREK KEDRA 



We will need an isotropic embedding M — > (C n ,a) n ). For example one can 
compose an embedding of M into P N with the standard inclusion of Lagrangian 
W into C" 

Secondly, we need a symplectic embedding cp of CP'" x D 2 " with the product 
form into CP N such that <p is linear on CP'" X 0. This can be achieved by realizing 
<p of CP'" x D 2 " in CP" x CP" and embedding the latter in CP mn+m+n via the Segre 
embedding. 

Take 

D k+1 xM^ CP"' x D 2 " -> CP N 

defined by 

(d,m) t-> (p(F'(d,m),a(d)j(m)), 

where a : D k+1 — > P is a sufficiently small scaling function such that it equals 
exactly on the boundary sphere. Clearly it is an embedding because j is. It is 
fiberwise symplectic because F' is fiberwise symplectic and j is isotropic. 
Surjectivity: We shall show that every fiberwise smooth embedding /: S k x M — » 
CP'" (fiberwise in Map T (M, CP™)) is homotopic to a fiberwise symplectic embed- 
ding. First take the composition F: T*S k x M — > CP"' of / and the projection 
T*S k X M — > S fc X M. According to the standard h-principle there exist an arbitrar- 
ily C°-small deformation of F that is a symplectic embedding (with respect to the 
product symplectic form). The restriction of it to the image of the "zero section" 
S k x M czT*S k x M gives a symplectic embedding. 

The above homotopy might not preserve the base-point but this is not a problem 
due to the injectivity of i, on uq. Let s e and m e Symp T (M, CP°°) be base-points. 
Let F: [0,1] x S k ^ Map T (M,CP°°) be the free homotopy (F (s ) = f(s ) = m) 
such that Fi(S fc ) c Symp T (M,CP°°). Let q: [0,1] -> Map T (M,CP°°) be defined by 
^(0 := Ff(s ). 

If Z: [0,1] — » X is a path in a topological space then /*: Uk{X, 1(0)) —> 7i/ c (X, 1(1)) 
denotes the induced isomorphism. In our situation, F is a based homotopy from Fo 
to^*Fi. Due to the injectivity of 7i (0/ there exists a path p: [0,1] — > Symp T (M, CP°°) 
from Fo(so) to Fi(so). Further, we have that 

p*Fi~(p* q' 1 ) *q*F 1 ~ (p* q~ l ) * F ~ F . 

The last equivalence follows from the fact that Map T (M, CP°°) is an H-space, so the 
action of the fundamental group on all homotopy groups is trivial. This finishes 
the proof. 

□ 

Remark 3.4. Note that the result we mention at the beginning of the Section 
implies injectivity on no- Indeed, an integral two-form is a curvature form of some 
LI(l)-connection (on the pull-back of the universal U(l)-bundle U(l) -> S°° -» C P°° 
by the map f:M^> CP 00 ) thus, following Narasimhan and Ramanan |NR61 1 one 
can approximate / (by a map classifying the same bundle, thus homotopic) to the 
map preserving not only curvature a> but also the connection. 

3.5. Proof of Theorem lTTol 

Lemma 3.6. n k Map(M, CP 00 ) = H 2 ~ k (M, Z), where we set H' n (M, Z) = 0/or m < 0. 

Proof. If follows from the basic algebraic topology (e.g. |Spa66[). Let s e S k and 
/ e Map(M, X) be a base point, the constant map m i-» x e X. Moreover let M+ 
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denote M with an artificially added base point. Then we calculate 
7i fc (Map(M,X)) = [(S*,s),(Map(M,X),/)] 
= [M + AS k ,(X,x)] 
= [M + ,D k (X,x)] 

SinceCP 00 = ^(Z^wehavethatTz^MaptALCP 00 )) = [M,K(Z,2-k)] = H 2 ~ k (M,X). 

It is easy to see a composition of this isomorphism with the projection H 2 ~ k (M, Z) — > 
Hom(H 2 -k(M, Z), Z) (which is an isomorphism for k e {1,2}) as follows. Let 
[<£] e 7T fc (Map(M,CP°°)) be represented by a map S k xM^> CP°°. The value of 
the resulting cohomology class on (2 - fc)-cycle a is equal to ([S k x a], .T^co), where 
We e H 2 (CP°°; Z) is the generator. 

□ 

(H 2 - k (M:Z.) for ke {1,2} 
Corollary 3.7. Tz^SympfALCP 03 ) = { J and hence n k (B) = 

' 10 otherwise 

7i,t(BSymp(M, co)) for k > 3. 

Proof. Since Map(M, CP°°) is an H-space, all its connected components are homo- 
topy equivalent. The first statement follows immediately from Theorem 13 .21 and 
Lemma 13.61 The second is the direct application of the long exact sequence of 
homotopy group for the fibration Symp(M, co) — > Symp T (M, CP 00 ) — > B. □ 

Example 3.8. Let Z ? be a surface of genus g > 0. Let i ,i\ e Symp(E g , CP°°) be 
two embeddings such that z'o = z'i ° /, where / : L g — > L g is a Dehn twist. One 
can construct a symplectic Lefschetz fibration (M, co) — > S 2 with the generic fiber 
Lg such that the monodromy about some critical value is exactly / and (M, co) is 
an integral symplectic manifold | ABKP00 1 . Embedding (M, co) symplectically into 
CP N we also get a family of symplectic embeddings U : 2L ? — > CP N for f e [0, 1]. 
Since 7io(Symp(E ? , area)) is generated by Dehn twists, we obtain that the map 
7io(Symp(E^,flrefl)) — > 7io(Symp(E g ,CP°°)) is trivial. 

Lemma 3.9. The map 7i2(Symp(M, co)) — > 7i2(Symp(M, CP°°)) fs trivial. In particular, 
7T 3 (B)s7T 3 (BSymp(M,a;)). 

Proof. Let ^ e 7i 2 (Symp(M, co)). Its image in 7i 2 (Map(M,CP°°)) = Z is equal to 
([co], ev,(E,)), where ev : Symp(M, co) — > M is the evaluation at the base point pt e M 
(cf. proof of Lemma 13.61 . More precisely, consider the following commutative 
diagram. 

Symp(M, co) U- Symp(M, CP 00 ) 



M ^CP°° 

The isomorphism 7i2(Map(M, CP 00 )) = Z is given by the integration of the gen- 
erator [con] e H 2 (CP°°) over the sphere S 2 -» Map(M, CP°°) " CP 00 . Hence we 
calculate that ([cOoo\,ev t u{E)) = ([co*,], f*ev*(<;)) = (fl/Woo], «>,(£)) = ([co],e»*(^)> as 
required. 

We claim that this number is equal to zero. Indeed, if ev*[a>] is a sum of products 
of 1-dimensional classes then (ev*[co], E,) = {!i*(ev*[co]), [S 2 ]) = 0. Suppose, by 
contradiction, that ec*[o;] is not a sum of products. Recall that, according to Milnor 
and Moore |MM65|, the cohomology ring of Symp(M, co) (which is an H-space) is 
a free graded commutative algebra. If eu*[<x>] were nonzero then it would be of 
infinite order, which is impossible since [a)]" +1 =0. □ 
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Let Flux: 7ii(Symp(M, co)) — > H 1 (M;1R) be the flux homomorphism defined as 
follows. (Flux £, y) = {[co],£, t (y)), where £,,(y): T 2 — > M sends (f,s) — > £ t (y(s)) (see 
Chapter 9 in | MS98 1 for details). Its image is called the flux group and is denoted by 
r^. Notice that in the case of an integral symplectic structure T a , is a subgroup of the 
integral cohomology H 1 (M, Z). The following lemma is an immediate consequence 
of the above definition. 

Lemma 3.10. The following diagram is commutative. 

7Ti(Symp(M,w)) > 7Zi(Symp(M,CP°°)) 

Flux | a | 

To, > H^AIZ) = 7ii(Map(M,CP oc )) 

□ 

Proof of Theorem 12.101 

(1) This part follows from Corollary l3.7l and Lemma l3T9l 

(2) To prove that the first sequence is exact one applies Lemma 13.91 and 
13.101 to the exact sequence associated with the fibration Symp(M, co) — > 
Symp T (M,CP°°) -» B. Similarly Corollaryl3~7land Lemma ITlOl applied to 
the long exact sequence of the the same fibration proves the exactness of 
the second sequence. 



3.11. Proof of Theorem l2.12l Recall that principal G-bundles over M are classified 
by H X (M, G) and H l {M, LT(1)) is canonically isomorphic to H 2 (M,Z). The bundle 
corresponding to t £ H 2 (M, Z) will be denoted L x , and the class of a bundle L in 
H 2 (M,Z) will be denoted by [L]. 

Assume that (M,a>) and (W,cow) are integral symplectic manifolds. Choose 
t e H 2 (M, Z) and x w e H 2 (W, Z) to be some lifts of co and cow respectively. Let 

Map^CL^J 

be the space of maps from L T to L Tw which are LT(l)-equivariant and cover a 
symplectomorphism (M, co) —> (W, cow)'- 

T t T 

I 1 
M — ^— > W. 

Observe that if xp : M — > W is a continuous map, then ip*{L T ) = Ljp> T/ thus there exists 

a covering LT(l)-equivariant map f: Lw,« T — > L x . In particular, for (W, ojvv) = (M, cd) 
we get a group 

S : -Ma Ps ^ p (L T ,L T ). 

Lemma 3.12. T/iere is an extension 

1 -> Map(M, LJ(1)) -> S Symp(M, S) ^ 1 

Proof. The kernel of the map that assigns to ip the underlying symplectomorphism 
i/> consists of the automorphisms which cover the identity. Over each point of M 
such automorphism is given by an element of U(l). □ 
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Proposition 3.13. Let co„ denote the standard symplectic form on CP", and let [L„] = 
[co„] e H 2 (CP", Z). Then the space 



is contractible. 



Proof. Let Map u ^(L T/ Loo) be a space of all (J(l)-equivariant maps L x — > L x . Then 
we have a bundle: 

Map(M, 11(1)) -> Map u(1) (L T ,Lco) -» Map T (M, CP°°), 

Consider the following two exact sequences of homotopy groups 

... ti, (Map (M, 11(1))) Ti^Map^CL^Loo)) ^(Map^ALCP 00 )) . . . 



... ti, (Map (M, 11(1))) nk(NfaPsj£,(W«)) ^(Symp^ALCP 00 )) . . . 

where the vertical arrows are induced by inclusions. According to Theorem 13.21 
the map 

7ft(Symp T (MCP~)) "» H,(Map T (M,CP°°)) 
is an isomorphism. By the five lemma the same is true for 

n k (MaPs^(U,L^)) -» 7i*(Map"«(L T/ Lco)). 

We are left to show that Map u(1) (L T/ L co ) is contractible. Since L ra = Eii(l), the 
following lemma finishes the proof. □ 

Lemma 3.14. Let E be a free G-space. Then Map G (£, EG) is contractible. 

Proof. It is a standard fact (about universal principal bundles) that Map G (E, EG) is 
connected (see Theorem 8.12 on page 58 in |tD87[). We need to show that for all 
k the space Map(S fc , Map G (E, EG)) = Map G (E X S k , EG) is connected. But S k x E is 
again a free G-space and we apply the observation we began with. □ 



Proof of Theorem \2.12\ Consider the following two fibrations 

Map(M, 11(1)) -» Mapg» (L^L.) ^ Symp^ALCP 00 ) 



and 



Symp(M,S) -> Symp^ALCP 00 ) ^ B T/ 



where the base B x is defined to be this quotient. Observe that the composition 
Pi ° Pi defines a fibration 

S^Map^^Loo) Bt 

with a contractible total space. □ 

3.15. Proof of Theorem 12.161 (1 => 2). By assumption the connection form Q has 
a lift T 6 H 2 (E,Z) = [E,K(Z,2)]. Since K(Z,2) = CP 00 , we get an embedding 
/ : E — > CP N such that T is the pull-back of the generator. According to the 
original Gromov's h-principle (Theorem 3.4.2 A in |Gro86|) we can deform / to 
an immersion preserving forms. That is an immersion f':E—> CP N so that 
f*((Dfi) = Q. At the price of increasing N we can deform it further to get a 
embedding as we did in the proof of Theorem l3.2l □ 
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3.16. Proof of Theorem OSl Q => 3). A class 7 defines a line bundle L T -> E. 
Notice that the pull-back bundle under the inclusion of the fiber i: M — > E is the 
line bundle L?t -> M. Thus f T is a lift of [co] to H 2 (M, Z). 

Consider the composition L<j — > E — > B as a bundle over B with fiber Lf (1). The 
structure group of this fibration is contained in S- Thus we get a classifying map 

/: B — > BS such that the following diagram commutes up to homotopy (here / 
classifies E): 

BS 

B '—^ BSymp(M, co) 

□ 

Recall that, according to Theorem 12.121 BS =s B. The classifying map f:B^> 
BS = B is the one constructed in the previous section. 

4. The geometry of symplectic configurations 

4.1. A principal connection on Symp(M, W). The main reference for connections 
is Kobayashi-Nomizu |KN96a|. The tangent space to Symp(M, W) at point / is 
equal to 

{X 6 T(fTW) : X(p) = j t f t (p) f t e Symp(M, W)}. 

We define the horizontal space !Hf to be the space of the sections /*<x>yv-orthogonal 
to M: 

K/ := {X e I 7 / Symp(M, W) : f <u w (CC, Y) = VY e r(TM)}. 
Consider the following one-form 9 on Symp(M, W) with values in closed one- 
forms on M which is identified with the Lie algebra of Symp(M, co) 

6f(X) := f"(l.oc f (Ow) 
for X e 7/ Symp(M, W). More precisely 

(0/(X))(p)(Y) = co w (X f (p),f,Y(p)), 
where Y is a vector field on M and Tf is a vector field on W defined on f(M). 

Lemma 4.2. The one-form 6 is a connection form induced by !K, that is, it satisfies 

(1) 6 M =Ad^6 = ^ 06, 

(2) 8f(X) = X, where X e Q 1 (M) is a closed one-form and X denotes the fundamental 
vector field (i.e. the vector field generated by the infinitesimal action of a Lie 
algebra), 

(3) 'K is the kernel of Q. 

Proof. (1) This is an immediate calculation: 

(8 M (X))(p)(Y) = co w (x M { V ),{foip),Y(pj) 

(x f Wp)),M^Y( P ))) 

= (0 / (X / ))^(p))(^Y(p)) 

= (xi>*°e f )(x f )( P )(Y). 

(2) If X is a closed one-form on M then we denote by X? the ^-corresponding 
vector field. That is i x tco = X. Thus X^ = X* under the identification between M 
and f(M) £ W given by /. Hence we get 

60) = f{i{co w ) = X. 
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(3) Obvious. 

□ 

Proposition 4.3. The connection associated to 6 on Mw and connection defined by the 
two-form Q w := ev*(cow) coincide. 

Proof. Both distributions consist of vectors X e T[f /P ]Mw satisfying the condition 
ev,(X) e Tf( p )W is a>w-orthogonal to f(T p M). □ 



4.4. The curvature of 8. Let's calculate the curvature two-form of the connection 
6. By definition it is 

@(X,M) := dd(X h ,y h ) = -6([X h ,y h ]), 

where X h , y h e 'K are horizontal parts of tangent vectors. Calculating it further we 
get 

-e / (x^y ,^ ) = e f [x h ,t] 

= /*('[x'',y''] w w) 
= f({a x ,ay}) 

Here ax, ay are one-forms associated with extensions of X h , y ft e T(f*TW) to 
vector field on some neighbourhood of f(M) c W and [a%, ay } is the Poisson 
bracket. Since X h and y h are horizontal, the one-forms a%, ay vanish on M. 
Therefore their local extensions might be chosen to be exact and we get 

-& f (X h ,y h ) = d[f{H x ,Hy\], 

where Hx, Hy: W — > ]R are Hamiltonians, i.e. dHx = a% and dHy = ay . 

In other words the curvature of the connection 6 at the embedding / : (M, co) — > 
(1A^ cow) is measured by the subspace of functions on M consisting of restrictions of 
Poisson brackets of functions on W which are constant on f(M). We will use this 
curvature form to construct characteristic classes in Section l6^9l 

Lemma 4.5. Let f : (M, co) —> (M, co) x (E, a>z) be a symplectic embedding given by 
f(p) - (P> s o)/ where sq e E is a base point on the surface. The image of the curvature 
two-form 

@ f : Ji f x Ji f -> Lie (Symp(M, co)) 
contains the subspace of all exact one-forms. 

Proof. What in fact we need to show is that given a function H : M — > 1R there are 
functions F, G: M x E -> R constant on f(M) such that {F, G] o / = H. 

Let F', G' : E -> R be smooth functionssuch that F(s ) = and \F', G'}(s ) = 1. 
Define F(p,s) := F'(s), G(p,s) = G'(s) and H(p,s) = H(p). The following calculation 
follows from the Leibniz property of the Poisson bracket. 

{HF, G} = H{F, G] + F{H, G] = H{F, G] 

Hence, {HF, G}of = Hof = H. Note that the functions HF and G are constant on 
f(M) as required. □ 

Corollary 4.6. The image of the curvature two-form 

&hf : 'Kiof x "K i0 f -> Lie (Symp(M, co)) 

of the connection in the universal configuration fibration contains the subspace of all exact 
one-forms for every f : (M,co) — > CP 00 . □ 
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4.7. The holonomy group. Let (M, co) —* E -A B be a symplectic fibration. Let 
K := ker [ 7i» : H2(E, Z) — > H2(B, Z)]. The following exact sequence: 

-> H 2 (M,Z) -> X -» Hi(B;Hi(F,Z)) -> 

is derived from the Leray-Serre spectral sequence associated with E. An element 
of Hi(B, Hj(M, Z)) may be described as a (class of a) loop y in B and a y-invariant 
cycle [{] e Hj(M, Z)>' in the fiber F over a base point of y. 

Let Q be a closed extension of co. We construct a certain lift Ey,£ £ ^(E, Z) of 
eHi(B;Hi(M,Z)) toK. It is a union of two chains /(S 1 x I) and C. The map/ 
is such that f({s] X J) is a horizontal lift of y for each s and /(S 1 X {0)) = £. The chain 
C is a chain in F such that dC = y,( — t, where y* is the holonomy of y with respect 
to O. Observe that D(f,(£), f t (f f )) - because the kernel of Q is the horizontal 
subspace. Thus f L Q = f c co. 

Let xp e Symp(M,w) and Hi(M,Z)^ = {( e H X (M,Z): = ^} be the i/^ 

invariant part of the first cohomology. Define a flux-like homomorphism 

as follows (here IR/w denotes the quotient of ]R by the group of periods of the 
symplectic form). If [{] e Hi(M,Z) 1 '' then there exists a two-chain C such that 
dC = {- ipj. Then 

Flux^) := ^ co mod (periods of co). 

The integral is defined up to the period of co and does not depend on the choice of 
representative £ in the homology class. 

Let D be a subset of Symp(M, co) consisting of those ip e Symp(M, co) for which 
Flux 1 '' = 0. Note that D is conjugacy invariant, but it is not a subgroup of 
Symp(M,S). 

Proposition 4.8. Let M — > E — > Bbea symplectic fibration. Let Q foe an extension of the 
symplectic form co and let K := kerH2(E,Z) — > H2(B,Z). T/ten (0,K) c Z ff and onZy 
if i/ze holonomy ni(B) — > Symp(M, S) /s contained in D. 

Proof. If C £ H 2 (M,Z)then^ Q = J^,, tu since Q extends oj. If {y,€) 6 Hi(B;Hi(M,Z)) 
then 

I Q= I cy = Flux^^ mod (periods of a;), 
Jz r/ Jc 

where ip is the monodromy around the loop y. □ 

Recall that we define D to be the holonomy group of the universal connection 6. 
Notice that D is not well defined as a subgroup of Symp(M, co) since it depends of 
the reference point /: (M,co) — > CP°°. However, according to standard theory of 
connections, different holonomy subgroups are conjugate. 

Corollary 4.9. The set T> is the sum of all subgroups conjugate to D. 

Proof. Let E = M x JR/ ~, where (m, t + k)~ (ip k (m), t) for k e Z. The form Q = n* M co 
onMxR descends to a closed connection form on E with a holonomy i/>. Since 
H2(S 1 ,Z) = 0, we deduce from Proposition 14.81 that if ip 6 D then Q has integral 
periods. 

To prove the converse inclusion notice that it is enough to show that D c D, 
according to the conjugacy invariance. Since D is the universal holonomy group, 
for any ip e D there exists a bundle M — > E — » S 1 with a closed integral connection 
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form Q such that ip is a holonomy of that form. Thus ip € D again by Proposition 
Ol □ 

Proposition 4.10. 

(1) Let H c Symp(M, co) be any subgroup. IfH c T> then H < D (up to conjugacy). 

(2) D n Symp (M, 5)=Bn Symp (M, S), 

(3) D z's fl closed subgroup of Symp(M, S3) 

Proof. First we will prove (1) with the additional assumption that H is countable. 
The we will use it to prove (2) and (3). Finally we will conclude general case of (1) 
with the use of (3). 

(1) We shall construct a fibration over a noncompact surface (possibly of infi- 
nite genus) with closed connection form Q and holonomy equal to H. Since 
H < D then, according to Prop osition 14 . 8K Q . K) c Z. Because the base is a 
noncompact surface then the latter is equivalent to the integrality of Q. To 
see this notice that K = F^E, Z) as H2(B, Z) is trivial. By the universality 
of D we will conclude that, up to a conjugation, H < D. 

Take x S 1 — » T 2 for each i/>, e H, i = 1,2, . . . and form a countable 

fiber connected sum (M^ x S 1 )#m(M^, 2 x S 1 )#m It is a bundle over £«> 

the surface of infinite genus and admits a closed connection form. Indeed, 
every x S 1 admits a closed connection form as in the proof of Corollary 
14.91 One can easily extend it over the fiber connected sum. 

Every loop in the connected sum is a composition of loops in the sum- 
mands, thus the holonomy of the bundle is contained in H. Since all the 
generators of H are contained in the holonomy, H equals the holonomy 
group of that bundle. 

(2) Let ip e T> n Symp (M, co). Observe that Flux 1 '' : H l {M, Z) -> R/Z is equal 
to the value of the usual flux on ip. This shows that D n Symp (M, co) c 
Flux'^H^ALZ)). In fact, the equality holds, because £> = Ham(M,w), 
according to Theorem l2 . 141 (21 . 

Now take one element ip from each component of D n Symp (M, co) and 
generate subgroup H c Symp (M, co). It is clearly countable, hence it is 
contained in D n Symp (M, co), due to the part (1). Since T> = Ham(M, co), 
we have D n Symp (M, co) = H ■ Ham(M, co) c D n Symp (M, co). 

(3) Since DnSymp (M,S) = Flux -1 (H 1 (M, Z)) is a closed subgroup of Symp (M, a>), 
(3) follows. 

To finish the proof we need to show that (1) holds in full generality. Let H' be 
a countable dense subgroup of H. Such a group exists because Symp(M,o;) is a 
group modelled on a separable and metrizable space of closed one-forms. Thus it 
is second countable. The subgroup H is second countable as well, according to the 
hereditary properties of the second countability, and hence it is separable. Take 
H' to be a countable subgroup of H generated by a countable dense subset. Then 
gH'g~ l C D by already proved part of (1) and gHg~ l C D by (3). □ 

4.11. Other results. We conclude this section with several geometric results. The 
proofs are straightforward and are left to the reader. 

Proposition 4.12. 

(1) T/z£flch'ono/Symp(W,o)w)0rcSymp(M, W) given by the composition cp-f := cpof 
preserves the connection 6. 
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(2) The induced action on the associated bundle (M,co) — > Mw — > Bw is given by 
f ' [//P] : ~ W ° //?]• ?7 ze evaluation map ev: Mw — > W is Symp(W,a;w)- 

The general idea of this paper is to investigate spaces B w = Symp(M, W)/ Symp(M,o;) / 
where (M, w) is fixed and ( W, %) varies. One can do the other way around and fix 
the target manifold ( W, cow). This approach was taken by Haller-Vizman in | HV04 1 . 
They write explicitly a moment map for the action and express Bw as a coadjoint 
orbit in the dual Lie algebra of the group Ham( W, cow)- 

Proposition 4.13 ( IHV04I ). 

(1) The fiber integral p\(ev* '{co 1 ^ 1 )) e D 2 (Bw) is a symplectic form on Bw- 

(2) The action induced on Bw preserves the symplectic form 

piev'ico"^ 1 )). 



5. Group cohomology and the group of McDuff 

5.1. Preparation on crossed homomorphisms. Let S be a topological group and 
V be a topological S-module. All the modules we consider are right modules. A 
continuous map <p : S — » V is called a continuous crossed homomorphism or continuous 
1-cocycle (with values in V) if (p(gh) = cp(h) + cp(g) ■ h. 

A crossed homomorphism S — > V may be understood as a deformation of the 
map S — > V x p S. Precisely, the map 

(i/>,p): S^VxS 

is a homomorphism if and only if ip is a crossed homomorphism. 

5.2. An obstruction associated to a crossed homomorphism. The kernel H of a 
1-cocycle tp is a pull-back in the following diagram: 

H > S 

1 I- 

S — — > VxS 

Where h = (ip, p), and s : S — > V X S is the inclusion onto the second factor. Thus 
BH is a homotopy pull-back in the following diagram 

BH > BS 

1 i- 

BS - > B(VxS) 

The homotopy fiber of the map Bs : BS — > B( V x S) equals V, moreover the fibration 

V -> BA = V x v » s E(V xS)^ B(V x S) 

is the universal V-bundle over B(V x S). Note that V is an affine V x S-space. In 
particular the obstruction to the existence of a section BS — > BH is a pull-back of 
the obstruction to the existence of a section of Bs: BS — * B(V x S). 

Theorem 5.3 (McDuff). There exists a class M e H 2 (BSymp(M,S),H 1 (AiZ)) with 
the following property. A Symp(M, oS)-bundle M — » P — » B admits a reduction to D T 
ff flnrf o«/y z/ /*0 = 06 H 2 (B,H l (M, Z)/torsiori), where f: B -> BSymp(M,a?) fs 
classifying map for the bundle P. 



SYMPLECTIC CONFIGURATIONS 



17 



Proof. Let S = Symp(M, ST) and V = H^M, R/Z). Due to Theorem lBTTl (which we 
shall prove later), D T is the kernel of the cocycle of McDuff P: Symp(M, S3) — > 
H^M, R/Z). Since V = K{H l {M,'Z), 1), the total obstruction class Oy to the exis- 
tence of the lift B(V » S) -> BS is the element of H 2 (BS, m(V)) = H 2 (BS,H 1 (M,Z)). 
Thus we set Om = (Bh)*Qy where h = (p,F s ) and p is an action of Symp(M, ST) on 
H\M,Z). a 

In Section f5 .51 we describe the Bockstein map |3 which, for given short exact 
sequence of S-modules 

— > Z — > R — > R/Z —> 0, 

to every (cohomology class of a) crossed homomorphism S — » R/Z associates an 
extension 0— > Z — > G ^ S ^ 0. IfZis discrete, then such an extension is classified 
by an element o G e H 2 (BS, Z) (cf . |Seg70| ). 

Corollary 5.4. M = o S / MaPo (M,u(i)) = /3([F S ]). 

Proof. By the result of 15.51 D T and S/ Map (M, JJ(1)) are homotopy equivariant, 
thus the obstruction to the existence of a section D T — > Symp(M, ST) equals the the 
obstruction to the existence of a section 5/ Map (M, LI(1)) Symp(M,ST). 

The second equality follows directly from the definition of jS. □ 

5.5. The homomorphism of Bockstein. Let S be a topological group, R be a topo- 
logical S-module, and Z its submodule. Let <p: S — > R/Z be a crossed homomor- 
phism. Define G to be the subgroup of the semidirect product R x S consisting of 
the pairs (s, r) such that <p(s) - r+Z. We call G a pull-back of the following diagram: 

G R 



S — 1 — > R/Z 

where p and O are the projections on the factors. The vertical arrows are homo- 
morphisms and O is a crossed homomorphism with respect to the action factored 
through S. 

Remark 5.6. G is a pull-back in the category theory sense |GM03 p. 81] of the 
following diagram of groups 

G > R x S 

A I 

s J*fL» (r/z)xS 

Lemma 5.7. Let Hbea kernel of (p. Then there exist a section o: H — > G (z'.e. continuous 
homomorphism, such that p o a = idu)- 

Proof. Consider a pull-back: 

G -?-> R 



-1 I 



H — R/Z 

One observes that since <p\H is trivial then G' is a semidirect product Z x H and, 
in particular, there is a splitting H — » G'. Clearly, G' is a subgroup of G. Hence 
composing the splitting H — > G' with the inclusion G' < G we get the required 
section. □ 
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Note that ker p = Z and consider the two (topological) fibrations: 

Z ^ G A S, 

and 

H -> S % R/Z. 

Lemma 5.8. The corresponding long exact sequences ofhomotopy groups are matched up 
as in the following commutative diagram: 

••■ > n k+1 (S) > n k+1 (R/Z) > n k {H) > •■• 

••■ > TT fc+1 (S) > 7ljfc(Z) > Tl k (G) > •■• 

where 9r is the connecting homomorphism in the long exact sequence of the homotopy 
groups of the fibration Z — > R — » R/Z. 

Proof. This is straightforward to check using standard diagram-chasing. □ 

Corollary 5.9. IfR is contractible then a constructed above is a homotopy equivalence. 

Proof. If R is contractible then 3r is an isomorphism. Hence, by the five lemma, 
n k (o) is also an isomorphism and the statement follows. □ 

5.10. The cocycles and group of McDuff. Let <u be a closed (possibly singular) 
two-form on a manifold W. Let SHj(W;Z) be space of integral 1-cycles quotient 
out by boundaries of chains of zero co-area. There is a split extension 

-> R/co -> SHi(W,Z) A Hi(W,Z) -> 0. 

The existence of a section s: Hi(W,Z) — > SHj(W, Z) follows since K/cu is divisible. 
Precisely such a section may be constructed inductively, as follows. Assume that 
the section is defined on a submodule V c Hj(W,Z), a e Hi(W,Z) and n is the 
least integer such that nv e V. Let v by any lift of v in SHi(W,Z). If n = oo we set 
s(v) = v. In the other case we see that s(nv) -nv = [r] e R/o;. If y,-/„ is a contractible 
loop bounding a disk of area r/n we set s(c) = v + y r / n . 

Clearly, any group G that fixes co acts on SHi ( W, Z). In | McD06 1 McDuff defines 
a continuous crossed homomorphism F s : G — > H l {M; R/cu) as follows 

:= s(g.(y))-g.(s(y)) e R/o; = ker(SH!(W,Z) ^ Hi(W,Z)). 

Lemma 5.11. F s satisfies 

Ugh)(y) = g*(Uh)(y)) + F s (g)(fc,(y)). 

Proof. Write for short F s (g) = [s,g,]- Then 

Fs(gh) = [s,g,h,] = g»[s,fa] + [s,g,]h, = gJF,(h) + F s (g)h, 

by the Leibniz rule. □ 

Since G acts trivially on R/co, g,{F s (h)(y)) = F s (h)(y). Hence 

F s (gh)=F s (g) + (F s (g))-h, 

that is F s is indeed a crossed-homomorphism. 

We shall apply this construction in the following situation: 

(1) (Wi, oj\) = (L T , tCco) where L t is a prequantum (J(l)-bundle with [L] = x e 
H 2 (M, Z) and Gi = 9. 

(2) (W 2 , w 2 ) = (M,w) and G 2 = Symp(M,S). 

Lemma 5.12. 
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(1) Since n*co is exact on L T , the group of periods is trivial i.e. H 1 (L r ,M./n*(o) = 

(2) One can choose sections s: Hi(L T ,Z) -> SH x (L Xl T)ands: Hi(M,Z) -» SHi(M,Z) 
such that the following diagram commutes. 

R »- SHi (Lt, Z) Hi(L T , Z) 



R/fi> »- SH X (M, Z) Hi(M, Z) 

(3) If (p : S — * Symp(M, co) assigns to a bundle map its underlying symplectomor- 
phism then the following diagram commutes: 

S — H!(M;R) 

»1 1 

Symp(M,S}) — H^R/w) 

(4) The restriction ofF s to Map (M, U(l)) is trivial, and thus descends to a crossed 

homomorphism F s : 3/ Map (M, U(l)) -> ^(M-R). 

(5) The following diagram 

g/Map (M,U(l)) — H^M;^ 

I 1 

Symp(M,a)) — H\M;K/Z) 

is a pull-back. 
Proof. Most of the statements are trivial. 

(2) First we have to define s on K = ker Hi(L T , Z) — > Hi(M, Z) in such a way that its 
image lives in ker SH\(L Tl Z) — » SH\(M, Z). The generator of K is represented by a 
loop in a fiber, and the value of s may also be taken to be a loop in the fiber. Then 
we extend s to whole H\{L r , Z) as explained above. It clearly descends to the map 
s: HiCHZ) -> SHi(M,Z). 

(4) This is obvious since Mapo(M, LZ(1)) is connected and the fiber of the map 
H 1 (M, R) -> H 1 (M, R/Z) is discrete. □ 

Remark 5.13 (about Lemma 15.121 C2)). McDuff |McD06| shows that for each s one 
can choose a lift x of [«] and a section s such that s is constructed as above. 

McDuff proves that the restriction of F s to Symp (M, co) is equal to the flux 
homomorphism. She defines Ham lZ (M, w) := kerF s . Clearly, the component of 
the identity of Ham sZ (M, co) is equal to Ham(M, co). 

Corollary 5.14. There exists a continuous group homomorphism 

Ham sZ (M, co) -> 3/ Map (M, 11(1)) 

that is a homotopy equivalence. 

Proof. Since H 1 (M; R) is contractible, the statement follows from Corollary l5.9l □ 
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5.15. The groups Ham sZ and D are equal. Let G be a topological group and 
F: Go — » A a G-equivariant homomorphism to a right G-module A. That is it 
satisfies F(/ _1 g f) - F(g) ■ f. Let H be a subgroup of G intersecting every connected 
component of G and such that H n Go = kerf. Let a: G/Go = tto(G) — » H be 
a set theoretic section of the natural projection p: G — > G/Gq. Define 1-cocycle 
F ff : G -> A by 

F a (g) := F(a(p(g))-V). 
The following lemma that is a reformulation of Proposition 1.8(ii) from |McD06|. 

Lemma 5.16. The 1-cocycle F a extends F and H = kerF 17 . 

Proof. It is straightforward that F a extends F. To prove that F a is a 1-cocycle choose 
f,geG. Since o(G) c H, h = 6(a o = a(p(/g))a(p(^))- 1 a(p(/))- 1 6 H. We 

calculate 

Go 9 aifg^fg = ha{ V {g)r l a{p{f)Y l fg 

= ho{ V {g))-'gg- l 0{ V {f))- l fg 

= h (atpig))-^) (g- l o{p{f)T l fg) e hG . 
Thus h e Go and finally h e kerF = Go D H. Then 

f' J (/s) = F(oWg)T l fg) 

= F(h) + f (aipigr'g) + f (rMpCfrVs) 

= F«( g ) + FHf)-g 

The proof that H = ker F a is also immediate and is left to the reader. □ 

Theorem 5.17. The group Ham sZ (M, co) and the holonomy group T> are isomorphic. 

Proof. Step 1. We will show that Ham sZ (M,a/) c T>. We have to observe that if 
[I] e HjfHZ)* thenF s (i/>)(/) = Flux 4 '((). 

Step 2. By Proposition QUI (1) we conclude that Ham sZ (M,«) c D (up to 
conjugacy). 

Step 3. Let F be the following composition 

Symp (M,S) F -^> x H X (M, R)/r ffl tf(MR/Z). 

It follows from the definition that Ham sZ (M,oj) n Symp (M,5) = kerF. Let a be 
a section 7i (Symp (Ai53) ) -> Ham sZ (M,o)). Then by Lemma l5~16l Ham sZ (M. a>) = 
kerF". BvTheore mlzTl .T) CD = Ham(M, «)nSymp (M, S) = kerF. Since o(n (Symp(M,co))) c 
Ham sZ (M, c D, by Lemma 15161 we conclude that T> = ker F°. □ 

5.18. Proof of Theorem 12^181 Let t e H 2 (M,Z) be a preimage of the class [co] e 
H 2 (M, R) of the symplectic form. Let (M, oj) — » £ — > B be a symplectic fibration 
with the classifying map /: B — > B Symp(M, ST). 

Lemma 5.19. F/iere exists a lift f~: B —> B (g/ Map (M, LT(1))) if and on/y ifd 2 (z) = 0. 
Here ^2 is the differential in the spectral sequence associated to E. 

Proof. There exists a lift f:B^B ($/ Map (M, 11(1))) if and only there exist a lift 
/ : B2 — » Bfj over the two-skeleton of B. Indeed, we take a lift over the two skeleton 
by composing the lift / with the projection BS -> B(S/ Map (M, LZ(1))). Since the 
fiber BH l (M,T) of the bundle B(S/Map (M, LT(1))) -> BSymp(AiS) has trivial 
higher homotopy then all the further obstructions vanish and we extend the lift to 
whole B. 
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Next, according to Theorem 12. 1 61 (21 <=> (3), the existence of a lift /: £>2 — > BS 
is equivalent to the fact that the class t = z*(r), where z: M — > E2 is the inclusion of 
the fiber into the total space of the restriction of E — » B over the two-skeleton £>2. 
This in turn is equivalent to the vanishing of d 2 (x) in the spectral sequence for E. 

□ 

Lemma 5.20 (|KM05[). If d 2 (%) = then d 3 (x) e £3'° is a torsion element. 

Proof. Recall that dim M = 2nandthat7ii(BSymp(M / aT))actstriviallyonH 2 ' , (M,]R). 
Then we have that 

= d 3 [T" +1 ] 

= (n + l)d 3 [j] ® [T n ] e H 3 (BSymp(M, aj);H 2 "(M,Z)). 
It means that ^[t] is a torsion element. □ 

Proof of Theorem IZlffl Suppose that there is a lift /: B — > BD. It implies, due to 
Theore m 15171 that there is a lift J: B -> BS/ Map (M, Lf(l». Lemma EH and 
Lemma f5.20l show that d 2 (z) = and ^(t) are torsion elements. 

Since all differentials of [co] vanish, there exists a closed extension Q' of co. We 
shall define a new closed connection form Q := Q' + tt*/3 so that it is integral (cf. 
Section 3 in IMcD06l ). Since H 2 (B, Z) is torsion-free, H 2 (E, Z) = n*(H 2 (E, Z)) e K, 
where K := kern, as in Section l4~7l It follows from Proposition 14.81 that O' has 
integral periods on the cycles from K. We then define j3 e Q 2 (B) to be any two-form 
satisfying ft = - J c O', where {n*(C,)l forms a basis of the image n,(H 2 (E, R)). 

Finally, since £ admits closed integral connection form it is an integral symplectic 
configuration, due to Theorem 12.161 Notice that the class of the above integral 
connection form might not restrict to t, i.e. x + z*[0] e H 2 (M, Z). 

□ 

6. The cohomology ring of symplectic configurations 

6.1. Characteristic classes of configurations. We define a characteristic class of 
configurations of (M, co) in ( W, %) to be an element of the cohomology ring H*(Bw)- 
If M is compact then certain characteristic classes can be obtained as fiber integrals 

Af := p^K?])). 

These classes are natural in the sense that if ip: (W,cow) — > (V,cov) is a symplectic 
embedding then x¥? - ^*X^> where W : Bw — > By is the map induced by 

Since any integral symplectic manifold embeds into CP N , we define universal 
characteristic classes with respect to CP 00 . We denote the above fiber integrals by 
Xk £ H 2k (B). In this case those are usual characteristic classes of a fibration with 
the structure group S. 

A fundamental question is whether these classes are symplectic that is whether 
they come from H*(B Symp) via the canonical map B — > BSymp. In general the 
answer is negative. 

Lemma 6.2. Let a e 712(B) be an element coming from H°(M;Z) (see Theorem \2.10t . 
Then (xi, a) + 0. In particidar, xi is not symplectic class. Moreover, xi is of infinite order 
in H*(B). 

Proof. Recall that a is represented by a configuration MxS 2 ^ CP°° such that the 
S 2 summand is represents the positive generator of tt2(CP°°). Clearly, ev*(cOca) = 
a) © co$2 and hence n\(ev*(co'^f 1 )) = (n + 1) co$i. Since the configuration is a trivial 
fibration, no symplectic characteristic class can be nontrivial. 
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In order to prove the last statement, consider a configuration P := M X (S 2 X • ■ ■ X 
S 2 ) — » CP 00 such that every S 2 is as above. Clearly, Xi(P) is a sum of generators and 
its top power is nonzero. Since it works for any number of factors S 2 , it follows 
that Xi is of infinite order. □ 

Let (M, oS) -4 M Ha m(M,w) -* BHam(M, on) be the universal Hamiltonian fibration. 
Recall that the coupling class Q e H 2 (MHam(M,w)) is defined by the following two 
conditions: 

(1) f (Q) = [a;] 

(2) p,(Q" +1 ) = 

One can define characteristic classes by pt := pi(Q" +;r ) 6 H 2,c (BHam(M, «)) |JK. 
KM05|. 

Let B := Symp(M,CP°°)/Ham(M,a;) and let (M,co) A Mg A B be the associ- 
ated bundle. Notice that B — » B is the universal cover. We have the following 
commutative diagram of classifying spaces: 

B ** B 



BHam(M, tu) ^ BSymp(M, w) 

We want to compare the pull-backs of characteristic classes Xk an d ^ in H*(B). To 
avoid clumsy notation we will denote these pull-backs by the same symbols as the 
original classes. The guiding idea is that the Xk classes might be easier to calculate 
than jUjt's. 

Lemma 6.3. Let (M, on) A Mg — » B be f/ze afcoce associated bundle. Then Xk - fi- 
modulo an ideal in H*(B) generated by xi- 

Proof. First observe that the coupling class Q = et?*(o;o) - ^p[P*(Xi)- Calculating the 
appropriate fiber integral we get the statement. 



Xk = pK^'K )) 

= P! ((Q + -i T p*( Xl) r ,c ) 
- E("r)(^r)'-^ 

1=0 x ' 



Corollary 6.4. Lef (M, a;) — » P — » B be a configuration whose classifying map admits a 
lift to B. IfH 2 (B) = then Xk(P) = ^k(P)- In particular, ifXk(P) is nonzero then so does 
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6.5. Calculating ^-classes. It is important to know if there are relations between 
characteristic classes. If (M,co) — > P — > S 2,c is a symplectic configuration with 
nontrivial Xk(P) then ^ is not a product in H*(B). Indeed, if it were a product then 
its pull-back Xk(P) e H 2k (S 2k ) would vanish. 

Theorem 6.6. Let (M, co) — > P — » S 2 * be a symplectic configuration, k> 1. The following 
conditions are equivalent. 

(1) tt(F) * 0; 

(2) ^(P) * 0; 

(3) ev t [P] + tn H 2 „ +2 i(CP' x '; Z); 

(4) T/zere exzsfs a e H 2 (P) such that a" +k + (i.e. P z's c-symplectic), and a extends [co]. 
Moreover, any of these conditions implies that k <n + 1. 

Proof. The first two conditions are equivalent, according to Corollary 16.41 Each of 
them is equivalent to the third by the basic properties of fiber integration: 

{xk(P), [S 2i ]) = {ev(co'L +k ), [P]> = (a% k ,*>.[F\) . 

The third condition implies the fourth one since the c-symplectic class is given by 
[ev*{co co )]. The converse implication follows from Theorem l2.16l 

For the last statement, observe that H 2n+2 (P) = 0if/c>n + l. Hence P cannot be 
c-symplectic. □ 

Remark 6.7. Consider the question of finding a large k e Z such that the Hurewicz 
map Ti2/t(BSymp(M, co)) —> H 2 )t(BSymp(M, co);Q) is nontrivial. The characteristic 
classes constructed as fiber integrals give quite restricted method for answering 
this question. As mentioned in the above theorem one can detect homologically 
nontrivial spheres up to dimension dimM + 2. 

6.8. Examples. 

(1) Consider the symplectic fibration CP 1 -> CP 3 -» S 4 = HP 1 . The total 
space is symplectic hence, due to Theorem 16. 61 we get that (12 = Xi ^ m 
H 4 (B(S 2 )). 

(2) Moreover, take a symplectic fibration F — » P — > CP 3 such that P admits 
a compatible symplectic structure. Composing with the above we get 
another symplectic fibration 

(M,co) -> P -» S 4 , 

whose fiber is the total space of P -> (M,w) CP 1 . A gain, we obtain that 
Xl = p 2 j, 0inH 4 (B(M,o;)). 

(3) Similarly, consider the symplectic fibration 

CP 3 -> CP 7 S 8 = CaP. 

Here, we get that Xi and ^4 are nonzero for CP 3 . 

(4) Taking a symplectic fibration over CP 7 admitting a compatible symplectic 
structure we get a result analogous to the one in (2). 

(5) Let (M, co) := U(m)/U(mi) x ■ • ■ x U(mi), m = m.\-\ Ym\ and m\>m2> 

• • • > m; be a generalized flag manifold equipped with the homogeneous 
symplectic form. It is proved in Kedra-McDuff |KM05| that the classes 
p.^ e H 2(r (BSymp (M, co)) are nonzero for 1 < k < m. Moreover, it is shown 
that they are nontrivial for certain fibrations over spheres, say (M, co) — > 
P — » S 2k , with the structure group SU(m). According to Theorem l6.6l P is 
c-symplectic, however, it is not clear if it admits any symplectic form in 
general. 
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As in the previous examples we consider a symplectic fibration F — > 
E — > P and compose it with P — » S 2k . Suppose that this composition is 
a symplectic fibration with fiber F — > Q — » M. Then the classes jik(E) e 
H 2fc (BSymp (Q)) are nonzero. 

6.9. Chern-Weil approach. Recall from Section lPl that the universal configuration 
fibration admits a connection with curvature form @. It is an ad-invariant two- 
form on the total space Symp(M, CP 00 ) of the universal principal fibration with 
values in the Lie algebra of Symp(M, co) which is identified with closed one-forms 
on M. Since the reduced holonomy group is Hamiltonian (Theorem E321 (l))/ the 
curvature form has values in the Lie algebra of Ham(M, co) which is identified with 
CJ|J°(M), the space of functions on M with zero mean value. 

LetT: C"(M) — > R be an invariant polynomial. It means that y(h\ oip, ...,fao\p) = 
3>(hu fa), where ip e Symp(M, co) and h, 6 C£°(M). Then 



defines a 2/c-form on the base B. The definition does not depend on the choice of f 
in the fiber since the polynomial 3 is invariant. It is a standard fact that these forms 
are closed |KN96b|. We define universal characteristic classes to be cohomology 
classes of the form x ■ 

The following formula gives a sequence of invariant polynomials. 



Jm 

The proof of the next lemma is analogous to the proof of Lemma 3.9 in K§dra- 
McDuff |KM05|. 
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Lemma 6.10. x = const Xkfor k > 1. 
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